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Kinetic Analysis of Hypersonic Laminar Separated Flows
for Hollow Cylinder Flare Con� gurations

G. N. Markelov¤ and M. S. Ivanov†

Institute of Theoretical and Applied Mechanics, 630090, Novosibirsk, Russia

The direct simulation Monte Carlo method was used to study hypersonic laminar � ow around hollow cylinder
� are con� gurations. Three con� gurations with different � are shape and length were considered. This made it
possible to estimate the effect of expansion at the trailing end of the � are on the separation region and shock/shock
interaction. The results obtained showed that the separation region extent is identical for all con� gurations for
the freestream conditions considered. Nevertheless, the shock/shock interaction region is very close to the end
of the � are with the smallest length, which requires particular attention to the computational grid and even to
the numerical code. Even small differences in numerical codes may possibly lead to a qualitative change in the
� ow� eld structure. Therefore, for further numerical and experimental studies of this problem, it is necessary to use
the con� guration with an extended � are because, in this case, the in� uence of expansion is de� nitely suppressed.
Particular attention was paid to reliability of numerical results and the in� uence of the grid cell size on calculated
� ow properties. A cell Knudsen number was used to estimate the quality of the computationalgrid and to generate
a suf� cient well-resolved grid.

Nomenclature
C f = skin-friction coef� cient
CH = heat transfer coef� cient
C p = pressure coef� cient
Fnum = number of real molecules represented by a model

particle
Kn = Knudsen number
Knc = cell Knudsen number
L = reference length, 0.1017 m
M1 = freestream Mach number
Np = total number of model particles
p = pressure, Pa
Re = Reynolds number
T = temperature, K
V = velocity, m/s
X sep = location of separation point
X; Y = Cartesian coordinates, m
1t = time step
1X = separation region length

Subscripts

w = wall
0 = stagnation quantity
1 = freestream quantity

Introduction

O NE of the simple examples of the laminar separated � ow in-
duced by shock wave/boundary-layerinteractionis the hyper-

sonic � ow around a hollow-cylinder� are for low Reynolds number.
A � ow around such a con� guration has been studied in detail in the
R5Ch wind tunnelatONERA.1;2 In thesestudies,theReynoldsnum-
ber was comparativelylow (Re D 1:8916£ 104) to ensure a laminar
� ow even near the reattachment point. The pressure and heat � ux
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measurement over the model surface, the oil � lm visualization,and
the electron beam measurements of the density pro� les of the � ow
in different cross sections form a profound basis for validation of
numerical methods.

A number of papers have been published that describe the results
of modeling this � ow using Navier–Stokes equations and the direct
simulation Monte Carlo (DSMC) method (see the review3). A com-
parativenumericalstudyof the � ow aroundthehollow-cylinder� are
by using both the continuum (Navier–Stokes equations) and kinetic
(the DSMC method) approaches was presented in Ref. 4. It was
shown that slip conditions for the Navier–Stokes equations should
be applied to obtain reasonable agreement with the DSMC results.
The use of the boundaryconditionsfor slip velocity and temperature
jump has a substantial effect on the entire � ow� eld for the R5Ch
test conditions.1 A comparison of numerical simulations2;4;5 with
experimental data shows good agreement for the heat � ux, though
the continuum and kinetic approaches overpredict the pressure val-
ues both on the � are and on the hollow-cylindersurface.Concerning
the separation region extent prediction, a signi� cant difference be-
tween the Navier–Stokes results and experimental data is observed.
Therefore, such a situation requires further investigations of lami-
nar � ow separation to understand the reasons for this discrepancy.
Particularly, new experimental data would be helpful.

Such experiments are planned in the framework of the Research
Technology Organization (RTO) Working Group 10 “Technologies
for Propelled Hypersonic Flight.” This study will be conducted to
obtain measurements in the separated laminar � ows in the absence
of � ow� eld chemistry for direct comparison with DSMC, Navier–
Stokes, and hybrid prediction codes. Two hollow cylinder � are
model con� gurations have been chosen,6 one of which replicates
a con� guration used in Ref. 1 and the second of which employs a
longer � are to obtain a better de� ned downstream boundary condi-
tion. The low-Reynolds-numbertest conditions7 have been selected
on the basis of preliminary studies in separated � ows to ensure that
the � ows over these hollow-cylinder � are con� gurations remain
laminar throughout the interaction region.

The main objectives of the present paper are to study an axisym-
metric shockwave/laminarboundary-layerinteractionfor thesecon-
� gurationsunder laminar � ow conditionsby the DSMC methodand
to analyze the in� uence of the length of the � are and its shape on
the separation region extent.

Model Con� gurations and Test Conditions
Figure 1 shows the model con� guration used in experiments,1

which will be called the base con� guration in what follows. To
875
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Table 1 Test conditions used in simulations

Test case

Parameter 1 2 3 R5Ch wind tunnel

M1 15.94 11.45 9.13 9.91
p1 , Pa 3.64 15.52 47.05 6.3
T1 , K 76.94 123.17 225.67 51.0
Re 8:45 £ 103 1:329 £ 104 1:36 £ 104 1:89 £ 104

Kn 2:7 £ 10¡3 1:1 £ 10¡3 0:8 £ 10¡3 0:93 £ 10¡3

Fig. 1 Model con� guration used in Ref. 1 (base model con� guration).

Fig. 2 Model con� gurations chosen in Ref. 6.

avoid the possible effect of expansion at the end of the conical
� are, two other model con� gurations6 were used (Fig. 2). The � rst
con� guration consists of the base con� guration, to which a second,
12-deg � are has been appended.This � are should additionallycom-
press the � ow and, thus, decrease the in� uence of the expansionon
shock/shock interactionand the separationregion.The other con� g-
uration has a signi� cantly increased � are length (see Fig. 2, where
the hatched region shows the difference between these models).

The calculationswere conducted for these three hollow-cylinder
� are con� gurations under three test conditions7 listed in Table 1.
The test gas is nitrogen, and the Reynolds and Knudsen numbers
are based on the length of the hollow cylinder L D 0:1017 m. The
model surface is assumed to have a constant surface temperature
of Tw D 293 K for all of the test conditions. Similarity parameters
(Mach, Reynolds, and Knudsen numbers) for test case 3 are close
to those for R5Ch wind-tunnel conditions, which are also listed in
Table 1.

Numerical Approach
The SMILE computational tool8 was used for modeling the � ow

over the hollow-cylinder � are. This code is based on the DSMC
method9 and an exact majorant frequency scheme10 for modeling
collision processes. The time between consecutive collisions ¿ is
chosen for each cell from the probability density

p.¿/ D ºm expf¡ºm ¿ g (1)

Here, the majorant frequency of collisions is

ºm D [N .N ¡ 1/=2][¾ .g/g]max (2)

where N is the number of molecules in the cell, ¾.g/ is the total
collision cross section, and g is the relative velocity of the colliding
pair. The variable hard sphere model9 was used for intermolecu-
lar collisions. The Borgnakke–Larsen model11 with temperature-
dependent rotational relaxation number was applied to simulate the
energy transfer between the translationaland rotationalmodes (see,
for example, Ref. 9). Gas/surface interaction was simulated using
the diffuse re� ection model with complete accommodation. The
freestream � ow was modeled as a uniform � ow with a Maxwellian

Fig. 3 Pressure gradient contours and selected streamlines (base con-
� gurations, test case 3).

distributionfunction,and vacuumconditionswere used at the down-
stream boundary of the computational domain.

The parallel capability of SMILE allowed the use of a personal
computercluster for computations.The clusterconsistsof eight per-
sonal computers united by Fast Ethernet and powered by the Linux
operating system. The Message Passing Interface library was used
to organize the information exchange between the processors. The
static load balancing8 with a probabilistic distribution of groups of
cells over the processors was employed here. The main advantages
of this technique are its low cost and fairly good balancing for a
small number of processors.The basic drawback is the violation of
data locality: Each processor has cells located at different places of
the computationaldomain, and, in the generalcase, its neighborsare
all other processors; the large number and size of communications
between the processors results in a sudden drop of ef� ciency with
increasingthe number of processors.Because only eight processors
were used in our case, the ef� ciencywas quite high,more than 85%.

Grid Resolution and Subdomain Technique
The general � ow structure over the hollow-cylinder � are (base

con� guration) is depicted in Fig. 3. A separation region arising
at the junction of the hollow cylinder and � are is shown by se-
lected streamlines. Pressure gradient contours reveal the expansion
region at the end of the conical � are and shock waves. The leading-
edge and separation shock waves coalesce into a � are bow shock.
Note that the separation shock is highly curved and located very
close to the � are surface. It is well known9 that, in the DSMC
method, the linear size of a collision cell should usually not be
greater than the local mean free path ¸. Violation of this require-
ment can lead to signi� cant distortion of � ow properties. Let us
introduce the cell Knudsen number K nc ; then the collision cell size
should satisfy the condition

K nc D ¸=1l > 1 (3)

where 1l is the linear size of the cell.
The SMILE code employs a procedure of adaptive grid

re� nement8 of collision Cartesian cells in the course of calcula-
tion to satisfy the precedingcondition.However, for a constant total
number of model particles, the use of this procedure can lead to
formation of very small cells in high-density regions, with only a
few model particles in the cell, because the local mean free path
is inversely proportional to local density. Though the majorant fre-
quency scheme is a little sensitive to the number of model particles
in a cell as comparedto the no-time-counterscheme,9 it still requires
the presence of several particles in a cell. Therefore, an additional
requirement for the SMILE adaptation procedure is the presence
of a certain minimum number of model particles in each collision
cell, which ensures correctmodeling of collisionfrequency(usually
5–10 particles per cell for nonreactive � ow). As soon as this minu-
mum number of particles in the cell is reached, a further decrease
in the linear size of such cells is prohibited. The latter can lead to
violation of the aforementioned condition, and in high-density re-
gions, the cell Knudsen number will be smaller than unity, that is,
the linear size of such cells will be greater than the local mean free
path. The contours of cell Knudsen numbers are plotted in Fig. 4,
which shows that we have K nc » 0:3 in the vicinity of the intersec-
tion point of the leading-edge shock wave and a separation shock
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Fig. 4 Cell Knudsen number for coarse grid.

Fig. 5 Skin-friction coef� cient (base con� guration, test case 3).

Fig. 6 Number of particles per cell for well-resolved grid with single
time step.

wave even if the total number of model particles is Np D 1:6 £ 106.
Such a coarse grid in high-density regions really leads to distortion
of � ow properties. For example, the maximum value of the skin-
friction coef� cient obtained for this total number of model particles
was overpredictedby 30% (Fig. 5).

The simplestway to avoid such a situationconsists only of signif-
icant increasingof the total number of model particles. In our case,
an increase in the total number of particles by a factor of four al-
lowed a twofolddecreasein thecollisioncell size in the high-density
region along each Cartesian coordinate. This led to some increase
in the separation region extent (5%) and a signi� cant decrease (up
to 20%) in friction on the � are (Fig. 5). A further increase in the
total number of particles (by a factor of four) and the corresponding
grid re� nement slightly decreased the peak of the skin-friction co-
ef� cient but did not affect the separation region extent. In this case,
the cell Knudsen number was K nc > 1 in the entire computational
domain. Thus, as long as we have K nc < 1 in the shock/shock inter-
action region (K nc » 0:3 for the coarse grid and K nc » 0:7 for the
intermediate grid), the skin-friction coef� cient is overpredicted.

Sometimes it suf� ces to have K nc > 1 only along the directionof
� ow gradients. In our case, the solution along the hollow cylinder
was more sensitiveto the linearsizeof thecell in thenormaldirection
to thesurfacethan to the sizealongthecylindersurface.Forexample,
the cell size along the surface can be greater than the size normal
to the surface by a factor of � ve. However, the cell shape should be
close to square one in the shock/shock interaction region.

On one hand, the use of a great total number of model particles
(N p D 2:4 £ 107 ) allowed one, in high-density regions, to obtain
cells with K nc > 1 and containing at least the minimum number of
model particles. On the other hand, in low-density regions (near the
hollow cylinder), the number of model particles in a cell was much
greater than that needed for correctmodelingof collision frequency.
This is illustrated in Fig. 6. Thus, an increase in the total number of

Fig. 7 Subdomains with different time steps.

Fig. 8 Number of particles per cell with subdomain technique.

model particlesfor detailedspatialresolutionof � ow in high-density
regions leads to overpopulationof particles in low-density regions,
which signi� cantly decreases the computationalef� ciency.

To obtain a more uniformdistributionof model particlesper a cell
throughout the computational domain, the latter was divided into
subdomains with different time steps. This technique allows one to
control the number of particles in each subdomain and is based on
the relation Fnum=1t D const satis� ed in these subdomains.12 Fnum

is the numberof real molecules representedby a model particle,and
an increase in Fnum with time step 1t leads to a decrease in the total
number of model particles in a subdomain. The size and shape of
these subdomains are adapted to the � ow� eld structure during the
computationalprocess.8 Figure 7 shows boundaries of subdomains
with different time steps at the steady stage of calculation. In this
case, the number of particles per cell is more uniform (cf. Figs. 6
and 8). For hollow-cylinder � are � ow this led to a 30% decrease in
the total numberofmodel particlesand, correspondingly,to a higher
computational ef� ciency. The results obtained with this technique
completelycoincidewith the results for the largestnumberof model
particleswith a single time step (see, for example,C f distributionin
Fig. 4). All of the simulation results presented in what follows were
obtained using the subdomains with different time steps technique.

Results and Discussion
Rarefaction Effects on Flow Structure

The test conditions in Table 1 allow one to study the � ow over
a hollow-cylinder � are for various Reynolds and Mach numbers in
the near-continuum regime and to demonstrate the effect of � ow
rarefaction on the formation of a separation region induced by the
� are for both model con� gurations.As is noted in Ref. 6, these con-
� gurations are designed so that the separation region is not affected
by the trailing end of the � are, and a constant pressure region is
formed upstream of the end of the � are. The calculation results for
the model con� guration with a long � are are plotted in Fig. 9 (nor-
malized pressure contours), which shows that the pressure on the
rear half of the � are is really constant. The pressure is only 2–3%
higher than the value predicted by inviscid gasdynamics methods.
Hence, the pressure mostly depends on the freestream Mach num-
ber. Figure 10 shows that the distributionof the pressure coef� cient
C p along the hollow cylinder (X=L < 0:9) and on the major part of
the � are (X=L > 1:6) is almost identical for all three test conditions.
The pressurepeak increaseswith both freestreamMach number and
Reynoldsnumber.For consideredtest cases, the highestpressureco-
ef� cient corresponds to M1 D 16. Next is M1 D 11, and the least
value of C p corresponds to M1 D 9. The cases differ in the Mach
number (by a factor of 1.75) and Reynolds number (by a factor of
1.6). Therefore, to show the pure in� uence of the Reynolds number,
additional calculationswere performed for M1 D 15:94. Figure 11
shows that an increase in the Reynolds number leads not only to
a pressure increase, but that the peak becomes sharper and moves
upstream.
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Test case 1

Test case 2

Test case 3

Fig. 9 Normalized pressure contours (con� guration with long � are).

Fig. 10 Pressure coef� cient (con� guration with long � are).

A constant pressure region over the second conical � are is also
formed in the � ow over the model con� guration with a short � are
(see, for example, Fig. 12). However, the value of the pressure co-
ef� cient along this part of the � are (Fig. 13) is signi� cantly lower
than that for the model con� guration with a long � are.

The presence of a plateau in the distribution of C p for test case 3
(see Fig. 10 or Fig. 13) is typical of a developed separated � ow.
Figure 14 shows the distribution of the skin-friction coef� cient for
both con� gurations.A vast separation region is formed only in test
case 3. For test case 2, negative values of the friction coef� cient are
observed in a small vicinity of the cylinder/� are junction.A further
decrease in the Reynolds number (case 1) leads to a completely at-
tached � ow. Thus, only test case 3 is of interest for subsequentstudy
of the effect of the � are shape and length on shock/shock interac-
tion and separationregion extent.Though the Reynolds numbers for
cases 2 and 3 are almost identical, a developed separation region is
observed only for the lowest Knudsen number, Kn D 0:8 £ 10¡3 .

Fig. 11 In� uence of Reynolds number on pressure coef� cient (M 1 =
15.94).

Fig. 12 Normalized pressure contours (con� guration with short � are,
test case 1).

Fig. 13 Pressure coef� cient (con� guration with short � are).

Flow Around the Base Model Con� guration
One of the main objectives of the experimental study6 is the ob-

taining of measurements for test conditionsclose to the R5Ch wind-
tunnel conditions.1 In Ref. 1, the value of the Mach and Knudsen
numbers are close to those in test case 3. Thus, it is interesting to
compare directly the � ow around the base model con� guration for
test case 3 and R5Ch test conditionsand then study the effect of the
� are shape and length for test case 3.

Figure 15 shows the pressure � ow� elds for these two test con-
ditions. At � rst glance, the � ow structure is identical, and there is
only a small difference in the position of the intersection point I
of the leading-edgeshock wave and the separation shock wave. For
test case 3, this point is located at a radial position Y=L D 0:565
corresponding to the � are radius, whereas for R5Ch � ow condi-
tions this point is located higher (Y=L D 0:59) and farther down-
stream. This difference in the position of the intersectionpoints can
be attributed to the different slope of the leading-edge shock wave
for these conditions. The freestream Mach and Knudsen numbers
are rather close, but the temperature factor Tw=T0 differs by more
than thrice for R5Ch conditions and case 3 (Tw=T0 D 0:279 and
Tw=T0 D 0:073, respectively). Therefore, the boundary-layerthick-
ness for test case 3 is smaller, which, in turn, leads to a decrease
in the leading-edge shock wave slope. A zoom view of the � ow
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Fig. 14 Skin-friction coef� cient (top, long � are, and bottom, short
� are).

Test case 3

R5Ch wind tunnel conditions

Fig. 15 Normalized pressure contours (base model con� guration).

region near the � are in Fig. 16 reveals a qualitativedifference in the
� ow structure.For test case 3, the pressuregradient � ow� eld shows
shock waves, expansionat the end of the conical � are, and a narrow
region P , emanating from the intersectionpoint. It is well known13

that an intersection of shocks of the same family produces not only
a joint shock but also Prandtl–Meyer expansion or a weak shock
to match the pressure increase through two shocks and through
the joint shock. In our case, the region P corresponds to Prandtl–
Meyer expansion (Fig. 16). For R5Ch � ow conditions, it is impos-
sible to identify such a region, though it has to exist judging by an
analysis of shock angles. The plausible reason is the in� uence of
expansion at the end of the conical � are on the � ow near the in-
tersection point. Figure 16 shows that the expansion has no direct
effect on the � ow. Possibly, the expansion produces an indirect ef-
fect by decreasing the boundary-layerthickness,and this effect will
vanish if the � are length is somewhat increased. To verify this, a
calculation was performed for the � ow over a con� guration whose

Test case 3

R5Ch wind tunnel conditions

Fig. 16 Zoom of region near end of � are (pressure gradient � ow� eld).

Fig. 17 Pressure coef� cient (base model con� guration).

Fig. 18 Skin-friction coef� cient (base model con� guration).

� are length was extended by a factor of 1.7. The calculation results
showed that an increase in the � are length really led to an increase
in the separation-regionextent (by 17%) and an emergenceof well-
resolvedPrandtl–Meyer expansionemanating from the intersection
point.

The pressurepeak (Fig. 17) for test case 3 is higher and is located
on the � are, whereas the position of the peak of the pressure coef-
� cient for R5Ch conditions coincides with the end of the conical
� are. The distribution of the friction coef� cient plotted in Fig. 18
demonstrates a signi� cant difference in the separation point po-
sition (X sep=L D 0:72 and 0.86 for R5Ch and case 3 conditions,
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Pressure coef� cient

Skin-friction coef� cient

Heat transfer coef� cient

Fig. 19 In� uence of shape on aerothermodynamics characteristics.

respectively) and the separation-region extent (1X=L D 0:55
and 0.33) for these two � ow conditions.Note that the distributionof
C f for test case 3 has a small plateaubefore the peak corresponding
the end of the conical � are. Summarizing the differences observed
in � ow properties for these cases, we can assume that for test case 3
an increase in the length of the � are or a change in its shape should
not affect the shock/shock interaction and separation region extent.

In� uence of Shape and Length of the Flare
The preceding assumption will be con� rmed in this section by

direct comparison of the results for the base model con� guration
and two other model con� gurations for test case 3. Different di-
mensions of the � are for these con� gurations caused a signi� cant
increase in the computationaldomain and, as a consequence,an in-
crease in the computational cost. The calculation time for the � ow
around the model con� guration with a short � are is twice as long
as for the base model con� guration, and the calculation time for

Fig. 20 Gas velocity at wall (con� guration with long � are).

the model con� guration with a long � are is twice as long as for the
con� guration with a short one.

The distributedaerothermodynamiccharacteristicsin Fig.19con-
� rmed the assumption. For all three model con� gurations, the dis-
tributed characteristics coincide up to X=L D 1:426, which is the
coordinate of the end of the conical � are for the base model con-
� guration. For the base model con� guration and the con� guration
with a short � are, this coincidence is observed farther up to the end
of the cylindrical part of the � are (X=L D 1:672). This coincidence
of results for the three model con� gurations is a consequenceof the
fact that, for test case 3, the intersection point of the leading edge
and separation shock waves is not affected by expansion at the end
of the conical � are even for the base model con� guration.

As was noted, the position of this point depends signi� cantly
on the position of the leading-edge shock wave, which is substan-
tially affected by rarefaction.4 The gas velocity at the wall plotted
in Fig. 20 shows that, though the slip velocity decreases with de-
creasing Knudsen number, it still remains quite signi� cant for test
case 3 (Kn D 0:8 £ 10¡3 , Re D 1:36 £ 104 , and M1 D 9:13). There-
fore, the use of the Navier–Stokes equations for description of the
� ow over a hollow-cylinder � are with no-slip boundary conditions
can lead to a qualitative change in the position of the intersection
point and, as a consequence, to a possible effect of the shape of the
� are on the separation region extent.

Conclusions
Within the framework of the RTO, there are plans to study ex-

perimentally separated laminar � ows for subsequent validation of
numerical codes. In this work, the DSMC method was used to study
hypersonic laminar � ow around hollow-cylinder � are con� gura-
tions under � ow conditions considered by RTO. It is well known
that the calculated properties of the � ow over such con� gurations
are very grid sensitive. Therefore, particular attention was paid to
reliabilityof numerical results and the in� uence of the grid cell size
on calculated � ow properties. It was shown that the minimum value
of the cell Knudsen number has to be greater than unity within the
entire computational domain to obtain a grid-independentsolution.
The simplest way to reach this is to increase the total number of
model particles. However, this way leads to unnecessary compu-
ational costs because the number of model particles in a cell in
low-density regions (near the hollow cylinder) is much greater than
that needed for correct modeling of the collision frequency. The
use of subdomains with different time steps allowed us to obtain
a more uniform distribution of model particles per cell throughout
the computationaldomain and, as a consequence,to reduce the total
number of particles by 30%.

The present numerical studies show that an attached � ow over
the con� gurations is observed for � ow conditions with the highest
Knudsen number of this study. For the test case with an interme-
diate Knudsen number, a separation region just begins to form. As
is shown in Ref. 4, the Navier–Stokes equations, even taking into
account slip boundary conditions,overpredict the separation region
extent. Probably, this test case is also important from the viewpoint
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of numerical analysis because it offers the possibility of a detailed
study of quantitative and qualitative in� uence of the initial effects
of rarefaction (i.e., slip velocity and temperature jump for Navier–
Stokes equations) on the formation of the separation region.

The test case with the lowest Knudsen number for which a de-
veloped separation region is observed is obviously of great interest
for the validation of DSMC, Navier–Stokes, and hybrid codes. The
simulation revealedthat in this case the � ow in the intersectionpoint
of leading-edgeshock and separation shock is not in� uenced by the
expansion at the end of the conical � are. As a result, the length of
the separation region is independentof the length of the � are and its
shape.For example, the distributedaerothermodynamiccharacteris-
tics (C p , C f , and CH ) coincide for all threemodel con� gurationsup
to X=L D 1:42, correspondingto theendof the shortestconical� are.

From the computational point of view, the base model con� gu-
ration used in the experimental study1 is preferable for veri� cation
of different numerical codes due to the lowest computational cost.
However, the positionof the intersectionpoint of the shocks is very
close to the end of the conical � are, and even small differences in
numerical codes can lead to a qualitative change in the � ow� eld
structure. For example, the use of the Navier–Stokes equations re-
sults in the prediction of a greater slope of the leading-edge shock
wave, and the separationregioncanbe affectedby expansion.There-
fore, it is necessary to use the model con� guration with an extended
� are because, in this case, the in� uence of expansion is de� nitely
suppressed.
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